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ABSTRACT 

  This paper explores the signed product domination number and signed total product 

domination number of various standard graphs. The paper provides explicit computations 

and proofs for these domination numbers across different graph classes including paths, 

cycles, complete graphs, and bipartite graphs. 
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1. Introduction 

Graph theory is a vital branch in combinatorial mathematics, offering critical insights 

into the structural properties of networks, paths, and cycles. Domination in graphs, 

particularly through signed and product functions, has emerged as a significant area of study 

due to its applications in network theory, optimization, and algorithm design. This paper 

focuses on two specialized domination parameters: the signed product domination number 

𝛾𝑠∗(𝐺) and the signed total product domination number 𝛾(𝑠𝑡)∗(𝐺). By a graph we mean a 

finite, undirected, connected graph without loops or multiple edges. Terms not defined here 

are used in the sense of [1]. 

Dunbar introduced the concept of signed dominating function. Let 𝐺 = (𝑉, 𝐸) be a graph. A 

function 𝑓: 𝑉(𝐺) → {−1,1} is a signed dominating function if  f(N[v]) = ∑ f(u)uϵN[v] ≥ 1 for 

all 𝑣 𝜖 𝑉(𝐺). For a real valued function 𝑓 the weight of 𝑓 is   𝑤(𝑓) = ∑ 𝑓(𝑣) [2].𝑣∈𝑉  The 

minimum weight w(f) = f(V(G)) = ∑ f(x)xϵV(G)  taken over all signed dominating functions 

is the signed domination number of G. It is denoted by 𝛾𝑠 (𝐺). A function 𝑓: 𝑉(𝐺) → {−1,1} 

is a signed total dominating function if  f((V)) = ∑ f(u)uϵN(v) ≥ 1 for all 𝑣 𝜖 𝑉(𝐺) [3]. The 

minimum weight w(f) = f(V(G)) = ∑ f(x)xϵV(G)  taken over all signed total dominating 

functions is the signed domination number of G. It is denoted by 𝛾𝑠𝑡 (𝐺). Signed domination 

number of complete multipartite graph and some standard graphs are found in [4, 5]. In this 
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paper signed product dominating function and signed total product dominating function are 

introduced. Also signed product domination number and signed total product domination 

number of paths, cycle, complete and bipartite graphs are found. 

2. Main Results 

Definition 2.1. Let 𝐺 = (𝑉,𝐸) be a graph. A function 𝑓 ∶  𝑉 (𝐺)  →  {−1,1} is a 

signed product dominating function if 𝑓 is a signed dominating function and  

∏𝑓(𝑁[𝑣]) = ∏ 𝑓(𝑢) = 1𝑢∈𝑁[𝑣]

 

for all 𝑣 ∈  𝑉 (𝐺). 

Definition 2.2. The minimum weight 𝑤(𝑓) = 𝑓(𝑉(𝐺)) = ∑ 𝑓(𝑥)𝑥∈𝑉(𝐺)  taken over 

all signed product dominating functions is the signed product domination number of G. 

It is denoted by 𝛾𝑠∗(𝐺). 

Definition 2.3. Let 𝐺 = (𝑉,𝐸) be a graph. A function 𝑓 ∶  𝑉 (𝐺)  →  {−1, 1} is a 

signed total product dominating function if f is a signed t o t a l  dominating function and 

∏𝑓(𝑁(𝑣)) = ∏ 𝑓(𝑢) = 1𝑢∈𝑁(𝑣)  for all 𝑣 ∈  𝑉 (𝐺). 

Definition 2.4. The minimum weight 𝑤(𝑓) = 𝑓(𝑉(𝐺)) = ∑ 𝑓(𝑥)𝑥∈𝑉(𝐺)  taken over 

all signed total product dominating functions is the signed total product domi- nation 

number of G. It is denoted by 𝛾(𝑠𝑡)∗(𝐺). 

Theorem 2.5. For a path 𝑃𝑛 , 𝛾𝑠∗(𝑃𝑛) =  𝑛. 

Proof. 𝐿𝑒𝑡 𝑓 ∶  𝑉 (𝑃𝑛)  →  {−1, 1} be a signed product dominating function. 

Then 𝑓 (𝑣)  = +1∀𝑣 ∈  𝑉 (𝑃𝑛) otherwise ∏ 𝑓(𝑢) = −1 𝑢∈𝑁[𝑣] for some 𝑣 ∈  𝑉 (𝑃𝑛). 

Hence 𝛾𝑠∗(𝑃𝑛) =  𝑛. 

Theorem 2.6. For a cycle Cn, 𝛾𝑠∗(𝐶𝑛) =  𝑛. 

Proof. Let 𝑓 ∶  𝑉(𝐶𝑛)  →  {−1, 1} be a signed product dominating function. 

Then 𝑓 (𝑣)  = +1∀𝑣 ∈  𝑉 (𝐶𝑛) otherwise ∏ 𝑓(𝑢) = −1𝑢∈𝑁[𝑣] for some v ∈ 𝑉 (𝐶𝑛), 

since every vertex of 𝐶𝑛 has degree 2. 

Hence 𝛾𝑠∗(𝐶𝑛) =  𝑛.  

Theorem 2.7. Let G be a complete graph. Then the signed product domination 

number of G is 

                            𝛾𝑠∗(𝐺) =

{
 
 

 
 1 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑 𝑎𝑛𝑑 

𝑛−1

2
  𝑒𝑣𝑒𝑛

2 𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛 𝑎𝑛𝑑 
𝑛

2
−1 𝑒𝑣𝑒𝑛

3 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑 𝑎𝑛𝑑 
𝑛−1

2
  𝑜𝑑𝑑

4 𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛 𝑎𝑛𝑑 
𝑛

2
−1 𝑜𝑑𝑑

 

Proof. Let 𝑓 ∶  𝑉 (𝐺)  →  {−1, 1} be a signed product dominating function 

with 𝑤(𝑓 ) =  𝛾𝑠∗(𝐺). Then 



    ISSN 0976-5417          Cross Res.: December 2024                        Vol. 15 No. 2 

3 
 

∑ 𝑓(𝑣) ≥ 1𝑣∈𝑁[𝑢]   and ∏ 𝑓(𝑣) = 1.𝑣∈𝑁[𝑢]      

Let  𝐴 = {𝑣 ∈ 𝑉(𝐺)|𝑓(𝑣) = 1},  𝐵 = {𝑣 ∈ 𝑉(𝐺)|𝑓(𝑣) = −1}.    Since G is a complete 

graph, ∑ 𝑓(𝑣)𝑣∈𝑁[𝑢]  =  𝑓 (𝑉 )  =  𝑤(𝑓 ). 

|𝐴| − |𝐵| ≥ 1 

|𝐴| ≥ 1 + |𝐵| 

|𝐴| + |𝐵| = 𝑛 

This implies that 𝑛 − |𝐵| ≥ 1 + |𝐵| 

|𝐵| ≤
𝑛 − 1

2
. 

Case 1: 𝑛 is odd and 
𝑛−1

2
 is even 

Since 
𝑛−1

2
 is even, ∏ 𝑓(𝑣) = 1𝑣∈𝑁[𝑢]  if |𝐵| =

𝑛−1

2
  

Hence (𝑓) =
𝑛+1

2
−
𝑛−1

2
= 1 . 

Case 2: 𝑛 is odd and 
𝑛−1

2
 is odd. 

Since 
𝑛−1

2
 is odd and |𝐵| ≤

𝑛−1

2
 , ∏ 𝑓(𝑣) = −1𝑣∈𝑁[𝑢]  if |𝐵| =

𝑛−1

2
  

Hence |𝐵| =
𝑛+1

2
−1 =

𝑛−3

2
 . 

This implies 𝑤(𝑓) =
𝑛+3

2
−
𝑛−3

2
= 3 

Case 3: 𝑛 even and 
𝑛

2
−1 is even. 

We have |𝐵| ≤
𝑛−1

2
. 

Also, since 𝑛 is even 
𝑛−1

2
 is not an integer. 

Hence |𝐵| ≤ ⌊
𝑛−1

2
⌋ =

𝑛

2
−1 . 

Now if |𝐵|  =  
𝑛

2
 −  1, then ∏ 𝑓(𝑣) = 1𝑣∈𝑁[𝑢]  

Thus 𝑤(𝑓) =
𝑛+2

2
−
𝑛−2

2
= 2. 

Case 4: 𝑛 even and 
𝑛

2
−1 is odd. 

Since 𝑛 is even 
𝑛−1

2
 is not an integer. 

Hence |𝐵| ≤ ⌊
𝑛−1

2
⌋ =

𝑛

2
−1 . 

Now if |𝐵|  =  𝑛/2 −  1, then ∏ 𝑓(𝑣) = −1𝑣∈𝑁[𝑢]  

Thus 𝑤(𝑓) =
𝑛+2

2
−
𝑛−2

2
= 2. 

which implies that f is not a signed product dominating function. 

Thus |𝐵| =
𝑛

2
−1−1 =

𝑛−4

2
. 
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Therefore   𝑤(𝑓) =
𝑛+4

2
−
𝑛−4

2
= 4 

Theorem 2.8. For a complete bipartite graph 𝐾𝑝,𝑞  , 𝑝 ≤  𝑞, 𝛾𝑠∗  (𝐾𝑝,𝑞) =  𝑝 +  𝑞. 

Proof. Let 𝑉1 and 𝑉2 be the partite sets with 𝑉1= {𝑣1,𝑗  | 1 ≤  𝑗 ≤  𝑝}, 𝑉2= {𝑣2,𝑗  

| 1 ≤  𝑗 ≤  𝑞}.  

Let f be a signed product dominating function with minimum weight. 

Then 𝑓 [𝑁 [𝑣𝑖,𝑗]] =  𝑓 (𝑣1,𝑗) +  𝑓 [𝑉/ 𝑉𝑖] ≥  1, 𝑖 =  1, 1 ≤  𝑗 ≤  𝑝,                 

 𝑖 =  2, 1 ≤  𝑗 ≤  𝑞 and 

∏𝑓(𝑁[𝑣𝑖,𝑗]) =∏ 𝑓(𝑢𝑖,𝑗) =
𝑢𝑖,𝑗∈𝑁[𝑣𝑖,𝑗]

 

 𝑓 (𝑣𝑖,𝑗) × ∏𝑓 [𝑉/ 𝑉𝑖] =  1,  

                                                                               𝑖 = 1,2, 1 ≤ 𝑗 ≤ 𝑝 ≤ 𝑞. 

Thus, if 𝑓 (𝑣𝑖,𝑗)  =  −1, then ∏𝑓 [𝑉/ 𝑉𝑖] = −1. 

 Also, if 𝑓 (𝑣𝑖,𝑗)  =  1, then ∏𝑓 [𝑉/ 𝑉𝑖] = 1. 

Let 𝐴 = {𝑣 ∈  𝑉 (𝐾𝑝,𝑞)|𝑓 (𝑣)  =  1}, 𝐵 = {𝑣 ∈  𝑉 (𝐾𝑝,𝑞)|𝑓 (𝑣)  = −1}. 

Claim: Either Vi  ⊆  B or 𝑣𝑖,𝑗 ∉ B for all vi,j ∈ Vi. 

Suppose 𝑉𝑖 is not contained in 𝐵. 

Then there is a vertex 𝑣𝑖,𝑗 ∈ 𝑉𝑖,such that 𝑓 (𝑣𝑖,𝑗)  =  1 

Thus ∏𝑓 [𝑉/ 𝑉𝑖] = 1 

Assume that 𝑣𝑖,𝑗 ∈ 𝐵 for some 𝑣𝑖,𝑗 ∈ 𝑉𝑖 , then 𝑓 (𝑣𝑖,𝑗)  = −1. 

∏𝑓(𝑁[𝑣𝑖,𝑗]) =

 

 𝑓 (𝑣𝑖,𝑗) × ∏𝑓 [𝑉/ 𝑉𝑖] = − 1,  

This implies f is not a signed product dominating function. 

Hence 𝑣𝑖,𝑗 ∉ 𝐵 for all 𝑣𝑖,𝑗  ∈ 𝑉𝑖   

Claim: 𝐵 =  ∅ 

Suppose B ≠  ∅, then there is a vertex vi,j  ∈  B. Then by claim 1, Vi  ⊆  B for at least 

one i, i = 1,2. Thus for vk,j  ∈  Vk, k ≠  i, k =  1, 2, 

𝑓 (𝑁 [𝑣𝑘,𝑗])  =  𝑓 (𝑣𝑘,𝑗)  +  𝑓 [𝑉/𝑉𝑘]  <  1, since 𝑓 [𝑉/𝑉𝑘]  =  𝑓 [𝑉𝑖]  <  0. 

This implies f is not a signed product dominating function, which is a contradiction.  

Thus B =  ∅. 

Hence        𝛾𝑠∗  (𝐾𝑝,𝑞) = 𝑤(𝑓) = |𝐴|− |𝐵| =  𝑝 +  𝑞. 

Theorem 2.9. For a complete tripartite graph𝐾𝑛1,𝑛2,𝑛3 , the signed product domination 

number is 𝛾𝑠∗(𝐾𝑛1,𝑛2,𝑛3 )  =  𝑛1  + 𝑛2+ 𝑛3. 

Proof. Let 𝐺 = 𝐾𝑛1,𝑛2,𝑛3 

𝑉 (𝐺)  = {𝑣𝑖,𝑗|1 ≤  𝑗 ≤  𝑛𝑖}, 𝑖 =  1, 2, 3. 
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Also let 𝑓 be a signed product dominating function with 𝑤(𝑓 )  = 𝛾𝑠∗(𝐺). 

Then for 1 ≤  𝑖 ≤  3, 1 ≤  𝑗 ≤ 𝑛𝑖 , 

𝑓 (𝑁𝐺[𝑣𝑖,𝑗])  =  𝑓 (𝑣𝑖,𝑗) +  𝑓 [𝑉/𝑉𝑖]  ≥  1 

and 

∏𝑓 (𝑁𝐺[𝑣𝑖,𝑗]) = 𝑓 (𝑣𝑖,𝑗) × ∏  𝑓 [𝑉/𝑉𝑖]  = 1. 

Claim 1: Either 𝑉𝑖  ⊆  𝐵 or 𝑣𝑖,𝑗 ∉ 𝐵 for all 𝑣𝑖,𝑗 ∈ 𝑉𝑖 . 

 Suppose 𝑉𝑖  is not contained in 𝐵. 

 Then there is a vertex 𝑣𝑖,𝑗 ∈  𝑉𝑖  such that 𝑓 (𝑣𝑖,𝑗) =  1 

Thus ∏𝑓 [𝑉/ 𝑉𝑖] = 1, since ∏𝑓 (𝑁𝐺[𝑣𝑖,𝑗]) = 1. 

If there is another element 𝑣𝑖,𝑘  ∈  𝐵 for some 𝑣𝑖,𝑘  ∈  𝑉𝑖 , then 𝑓 (𝑣𝑖,𝑗) = −1 

This implies ∏𝑓(𝑁[𝑣𝑖,𝑗]) =

 

 𝑓 (𝑣𝑖,𝑗) × ∏𝑓 [𝑉/ 𝑉𝑖] = − 1,  

This implies f is not a signed product dominating function. 

Thus 𝑣𝑖,𝑗 ∉  𝐵 for all𝑣𝑖,𝑗  ∉ 𝑉𝑖 . 

Claim 2: 

If 𝑉𝑖  ⊆  𝐵, there exist 𝑎 𝑘, 𝑘 =  1, 2, 3 and 𝑖 ≠  𝑘 such that 𝑉𝑘  ⊆  𝐵. 

Let 𝑉𝑖  ⊆  𝐵, 

Then by claim 1 𝑓 (𝑣𝑖,𝑗)  = −1 for all 𝑣𝑖,𝑗 ∈  𝑉𝑖. Since ∏𝑓 (𝑁𝐺[𝑣𝑖,𝑗]) = 1, 

∏𝑓 [𝑉/ 𝑉𝑖] = −1 

Then there exists at least one vertex 𝑣𝑘,𝑗   ∈  𝑉𝑘   such that 𝑓 (𝑣𝑘,𝑗 )  =  −1. 

 Again, by claim 1 𝑓 (𝑣𝑘,𝑗)  =  −1 for all 𝑣𝑘,𝑗  ∈  𝑉𝑘 . 

Hence 𝑉𝑘 ⊆ 𝐵. 

 Claim 3: 𝐵 =  ∅ 

Suppose 𝐵 ≠  ∅, then there is a vertex 𝑣𝑖,𝑗  ∈  𝐵. Then by claim 1and 2, 𝑉𝑖  ⊆  𝐵 for 

at least two 𝑖′𝑠, 𝑖 = 1,2. 

Consider the partite set 𝑘 for which 𝑉𝑘 not contained in 𝐵. 

 Thus for 𝑣𝑘,𝑗  ∈  𝑉𝑘 , 𝑘 ≠  𝑖, 𝑘 =  1, 2,3 

𝑓 (𝑁 [𝑣𝑘,𝑗])  =  𝑓 (𝑣𝑘,𝑗)  +  𝑓 [𝑉/𝑉𝑘]  <  1, since 𝑓 [𝑉/𝑉𝑘]  =  𝑓 [𝑉𝑖]  <  0. 

This implies f is not a signed product dominating function, which is a contradiction. 

Thus 𝐵 =  ∅. 

      Hence  𝛾𝑠∗(𝐾𝑛1,𝑛2,𝑛3 )  =  𝑛1  + 𝑛2+ 𝑛3. 

Theorem 2.10. For a path 𝑃𝑛, 𝛾(𝑠𝑡)∗(𝑃𝑛) =  𝑛. 
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Proof. 𝐿𝑒𝑡 𝑓 ∶  𝑉 (𝑃𝑛)  →  {−1, 1} be a signed total product dominating function. Then 

𝑓 (𝑣)  =  +1∀𝑣 ∈  𝑉 (𝑃𝑛) otherwise ∏ 𝑓(𝑢) = −1 𝑢∈𝑁(𝑣) for some 𝑣 ∈  𝑉 (𝑃𝑛). 

Hence 𝛾(𝑠𝑡)∗(𝑃𝑛) =  𝑛.  

Theorem 2.11. For a cycle Cn, 𝛾(𝑠𝑡)∗(𝐶𝑛) =  𝑛. 

Proof. Let 𝑓 ∶  𝑉(𝐶𝑛)  →  {−1, 1} be a signed total product dominating function. 

Then 𝑓 (𝑣)  = +1∀𝑣 ∈  𝑉 (𝐶𝑛) otherwise ∏ 𝑓(𝑢) = −1𝑢∈(𝑣) for some v ∈ 𝑉 (𝐶𝑛), 

since every vertex of 𝐶𝑛 has degree 2. 

Hence 𝛾(𝑠𝑡)∗(𝐶𝑛) =  𝑛. 

𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝟐. 𝟏𝟐. For a complete graph G of order n, 𝛾(𝑠𝑡)∗  (𝐺)  =  𝑛. 

Proof. 𝐿𝑒𝑡 𝑓 ∶  𝑉 (𝐺)  →  {−1, 1} be a signed total product dominating function 

with 𝑤(𝑓 )  =  𝛾(𝑠𝑡)∗  (𝐺).Then 

∑ 𝑓(𝑣) ≥ 1𝑣∈𝑁(𝑢)   and ∏ 𝑓(𝑣) = 1.𝑣∈𝑁(𝑢)   

Let A =  {𝑣 ∈  𝑉 (𝐺)|𝑓 (𝑣)  =  1},𝐵 = {𝑣 ∈  𝑉 (𝐺)|𝑓 (𝑣)  = −1}. 

Claim: 𝐵 =  ∅ 

Suppose 𝐵 ≠  ∅ 

Then there exist at least one 𝑣 ∈  𝑉 (𝐺) such that 𝑓 (𝑣)  = −1. 

Since ∏ 𝑓(𝑣) = 1.𝑣∈𝑁(𝑢) , for all 𝑢 ∈  𝑉 (𝐺) there must be another vertex   𝑢 ∈

 𝑉 (𝐺), such that 𝑓 (𝑢)  =  −1. 

Then ∏ 𝑓(𝑣) = −1.𝑣∈𝑁(𝑢)  where 𝑢 ∈  𝐵, which is a contradiction. Thus 

𝐵 =  ∅. 

This implies 𝑉 (𝐺)  ⊆  𝐴.  

Hence 𝛾(𝑠𝑡)∗  (𝐺)  =  𝑛. 

Theorem 2.13. Let 𝐾𝑝,𝑞  , 𝑝 ≤  𝑞 be a complete bipartite graph with 𝑝 even and 
𝑝

2
− 1 

even, then 

                              𝛾(𝑠𝑡)∗(𝐾𝑝,𝑞) =

{
 
 

 
 3 𝑖𝑓 𝑞 𝑖𝑠 𝑜𝑑𝑑 𝑎𝑛𝑑 

𝑞−1

2
  𝑒𝑣𝑒𝑛   

 4 𝑖𝑓 𝑞 𝑖𝑠 𝑒𝑣𝑒𝑛 𝑎𝑛𝑑 
𝑞

2
−1 𝑒𝑣𝑒𝑛

 5 𝑖𝑓 𝑞 𝑖𝑠 𝑜𝑑𝑑 𝑎𝑛𝑑 
𝑞−1

2
  𝑜𝑑𝑑    

6 𝑖𝑓 𝑞 𝑖𝑠 𝑒𝑣𝑒𝑛 𝑎𝑛𝑑 
𝑞

2
−1 𝑜𝑑𝑑

. 

Proof. Let 𝑃 be a partite set with 𝑝 vertices and 𝑄 be a partite set with 𝑞 vertices. Let  

𝑓: (𝑉 (𝐾𝑝,𝑞))  →  {−1, 1} be a signed total product dominating function with minimum 

weight. 

And 𝐴 = {𝑣 ∈  𝑉 (𝐾𝑝,𝑞)|𝑓 (𝑣) =  1}and  
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𝐵 = {𝑣 ∈  𝑉 (𝐾𝑝,𝑞)|𝑓 (𝑣)  =  −1}.  

Also let 𝑃+ = {𝑣 ∈  𝑉 (𝑃 )|𝑓 (𝑣) = 1},  𝑃− = {𝑣 ∈  𝑉 (𝑃 )|𝑓 (𝑣) = −1} 

𝑄+  = {𝑣 ∈  𝑉 (𝑄)|𝑓 (𝑣) = 1} and 𝑄− = {𝑣 ∈ 𝑉 (𝑄)|𝑓 (𝑣)  = −1}. 

Now | 𝑃−| ≤  
𝑝

2
− 1, since 𝑝 is even. 

Also, since 
𝑝

2
− 1 is even ∏ 𝑓(𝑣) = 1𝑣∈𝑁(𝑢) for 𝑢 ∈ 𝑄. 

Hence | 𝑃−| =
𝑝

2
− 1 and | 𝑃+| =

𝑝

2
+ 1 . 

Case 1: q is odd and 
q−1

2
  even. 

Since 𝑞 is odd| 𝑄−| ≤  
𝑞−1

2
. 

Also, since  
𝑞−1

2
 is even ∏ 𝑓(𝑢) = 1𝑢∈𝑁(𝑣) for 𝑣 ∈ 𝑃. 

Now                                |𝐵|  =  |𝑃−| + |𝑄−| 

=
𝑝

2
− 1 +

𝑞 − 1

2
=
𝑝 + 𝑞 − 3

2
 

|𝐴| = 𝑝+𝑞− [
𝑝 + 𝑞 − 3

2
] = 

𝑝 + 𝑞 + 3

2
. 

γ(st)∗(𝐾𝑝,𝑞) = 𝑤(𝑓) = |𝐴| + |𝐵| = 3. 

Case 2: q is even and 
q

2
−1  even. 

Since 𝑞 is even| 𝑄−| ≤  
𝑞

2
− 1. 

Also, since  
𝑞

2
− 1 is even ∏ 𝑓(𝑢) = 1𝑢∈𝑁(𝑣) for 𝑣 ∈ 𝑃. 

Now                                |𝐵|  =  |𝑃−| + |𝑄−| 

=
𝑝

2
− 1 +

𝑞

2
− 1 =

𝑝 + 𝑞 − 4

2
 

|𝐴| = 𝑝+𝑞− [
𝑝 + 𝑞 − 4

2
] = 

𝑝 + 𝑞 + 4

2
. 

γ(st)∗(𝐾𝑝,𝑞) = 𝑤(𝑓) = |𝐴| + |𝐵| = 4. 

Case 3: q is odd and 
q−1

2
  odd. 

Since 𝑞 is odd| 𝑄−| ≤  
𝑞−1

2
. 

Also, since  
𝑞−1

2
 is odd ∏ 𝑓(𝑢) = −1𝑢∈𝑁(𝑣)  if  | 𝑄−| =  

𝑞−1

2
  for 𝑣 ∈ 𝑃. 

Thus | 𝑄−| =  
𝑞−1

2
− 1 

Now                                |𝐵|  =  |𝑃−| + |𝑄−| 

=
𝑝

2
− 1 +

𝑞 − 1

2
− 1 =

𝑝 + 𝑞 − 5

2
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|𝐴| = 𝑝+ 𝑞− [
𝑝 + 𝑞 − 5

2
] = 

𝑝 + 𝑞 + 5

2
. 

γ(st)∗(𝐾𝑝,𝑞) = 𝑤(𝑓) = |𝐴| + |𝐵| = 5. 

Case 4: q is even and 
q

2
−1  odd. 

Since 𝑞 is even| 𝑄−| ≤  
𝑞

2
− 1. 

Also, since  
𝑞

2
− 1 𝑖𝑠 odd ∏ 𝑓(𝑢) = −1𝑢∈𝑁(𝑣)  if  | 𝑄−| =  

𝑞

2
− 1 for 𝑣 ∈ 𝑃. 

Thus | 𝑄−| =  
𝑞

2
− 2 

Now                                |𝐵|  =  |𝑃−| + |𝑄−| 

=
𝑝

2
− 1 +

𝑞

2
− 2 =

𝑝 + 𝑞 − 6

2
 

|𝐴| = 𝑝+ 𝑞− [
𝑝 + 𝑞 − 6

2
] = 

𝑝 + 𝑞 + 6

2
. 

γ(st)∗(𝐾𝑝,𝑞) = 𝑤(𝑓) = |𝐴| + |𝐵| = 6. 

Hence  

                              𝛾(𝑠𝑡)∗(𝐾𝑝,𝑞) =

{
 
 

 
 3 𝑖𝑓 𝑞 𝑖𝑠 𝑜𝑑𝑑 𝑎𝑛𝑑 

𝑞−1

2
  𝑒𝑣𝑒𝑛   

 4 𝑖𝑓 𝑞 𝑖𝑠 𝑒𝑣𝑒𝑛 𝑎𝑛𝑑 
𝑞

2
−1 𝑒𝑣𝑒𝑛

 5 𝑖𝑓 𝑞 𝑖𝑠 𝑜𝑑𝑑 𝑎𝑛𝑑 
𝑞−1

2
  𝑜𝑑𝑑    

6 𝑖𝑓 𝑞 𝑖𝑠 𝑒𝑣𝑒𝑛 𝑎𝑛𝑑 
𝑞

2
−1 𝑜𝑑𝑑

. 

3. Conclusion 

In this paper, we investigated the signed product domination number 𝛾𝑠∗(𝐺) and 

the signed total product domination number 𝛾(𝑠𝑡)∗(𝐺) for various standard graph classes, 

including paths, cycles, complete graphs, bipartite graphs, and multipartite graphs. The 

findings contribute to the broader field of domination in graph theory by extending 

traditional domination concepts to signed and product-based variations. These results can 

serve as a foundation for future research into more complex graph structures. 
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