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ABSTRACT
This paper explores the signed product domination number and signed total product
domination number of various standard graphs. The paper provides explicit computations
and proofs for these domination numbers across different graph classes including paths,
cycles, complete graphs, and bipartite graphs.
Keywords: Signed Product Domination Number, Signed Total Product Domination
Number

1. Introduction

Graph theory is a vital branch in combinatorial mathematics, offering critical insights
into the structural properties of networks, paths, and cycles. Domination in graphs,
particularly through signed and product functions, has emerged as a significant area of study
due to its applications in network theory, optimization, and algorithm design. This paper
focuses on two specialized domination parameters: the signed product domination number
¥s+(G) and the signed total product domination number y+(G). By a graph we mean a
finite, undirected, connected graph without loops or multiple edges. Terms not defined here
are used in the sense of [1].
Dunbar introduced the concept of signed dominating function. Let G = (V, E) be a graph. A
function f:V(G) - {—1,1} is a signed dominating function if f(N[v]) = ¥ enpvf(u) = 1 for
all veV(G). For a real valued function f the weight of f is w(f) = Yev f(v) [2]. The
minimum weight w(f) = f(V(G)) = Yxev(c) f(x) taken over all signed dominating functions
is the signed domination number of G. It is denoted by y, (G). A function f:V(G) - {—1,1}
is a signed total dominating function if f((V)) = Xyene) f(w) = 1 for all v e V(G) [3]. The
minimum weight w(f) = f(V(G)) = Xxev(c) f(x) taken over all signed total dominating
functions is the signed domination number of G. It is denoted by y,; (G). Signed domination

number of complete multipartite graph and some standard graphs are found in [4, 5]. In this
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paper signed product dominating function and signed total product dominating function are
introduced. Also signed product domination number and signed total product domination
number of paths, cycle, complete and bipartite graphs are found.

2. Main Results

Definition 2.1. Let G = (V,E) be a graph. A function f: V(G) = {-1,1}is a
signed product dominating function if f is a signed dominating function and
[If(NWD = [Muenp) f(w) = 1for all v € V (G).

Definition 2.2. The minimum weight w(f) = f(V(G)) = Zxev(c) f (x) taken over
all signed product dominating functions is the signed product domination number of G.
It is denoted by y¢(G).

Definition 2.3. Let G = (V,E) be a graph. A function f: V (G) —» {-1,1}isa
signed total product dominating function if f is a signed total dominating function and
[Tf(N®)) = Muenwy f(w) = 1for all v € V (6.

Definition 2.4. The minimum weight w(f) = f(V(G)) = Xxev(s) f (x) taken over
all signed total product dominating functions is the signed total product domi- nation
number of G. It is denoted by y 54y (G).

Theorem 2.5. For a path P,y (P,) = n.

Proof. Let f: V (P,) — {—1,1} be a signed product dominating function.
Then f (v) = +1Vv € V (P,) otherwise [[ ey f(w) = —1for some v € V (Py,).
Hence ys(P,) = n.

Theorem 2.6. For a cycle Cy, ys+(Cp) = n.

Proof. Let f: V(C,,) — {—1,1}be asigned product dominating function.
Then f (v) = +1Vv € V (C,) otherwise [[ ey f(w) = —1for some v €V (Cy,),

since every vertex of C,, has degree 2.
Hence y¢(C,) = n.
Theorem 2.7. Let G be a complete graph. Then the signed product domination

number of G is

. . n—1

((1if nis odd and —— even
. . n

2if nis even and S~ 1 even

Vs (G) = 1 _
’ 3if nis odd and nTl odd

\ 4 if nis even and g—lodd

Proof. Let f: V(G) —» {—1,1} be a signed product dominating function
withw(f ) = y¢(G). Then
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Yvenp) f(V) 2 1 and [lyenp) f(v) = 1.
Let A={veV(G)|f(v) =1}, B={v eV (G)|f(v) = —1}. Since G is a complete
graph, Ypenp) f(V) = fF (V) = w(f).
Al —|B] =1
|A] =1+ |B]
|Al + |B] =n
This impliesthatn — |[B| = 1 + |B|

|B|<n_1
S—

- —1 .
Case 1: n is odd and nT is even

Since nT_l iseven, [Tyenpg f(v) =1if |B| = ”T_l

n+1 n

Hence (f)———%=1.

Case 2: n is odd and nT_l is odd.

SincenT_1 is odd and |B| SnT_l NN venpg f(v) = —1i0f |B] :”T—l
Hence |[B| =22t —1 =222

2 2
This implies w(f)—n—+3—n—_3=3

2

Case 3: n even and E — 1 is even.
—1
We have |B| < ™—.
- - —1 . -
Also, since n is even nT Is not an integer.

Hence |B| < lnT_lJ =§— 1.

n

Now if [B] = = — 1,then [[yenpgf(v) =1

n+2 n—2

Thu51v(f)—-————“j;—=:2.

Case 4: n even and %— 1 is odd.

- - —1 . -
Since n Is even n_ IS not an Integer.

Hence |B| < ln—lj 1.
Now if [B] = n/2 — 1, then [[yenpg f(v) = —1
Thus w(f) _ﬂ—"—‘z= 2.

2

which implies that f is not a signed product dominating function.

Thus |B|=§—1—1="T‘4.
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Therefore w(f) = "TM— nT_‘L =4

Theorem 2.8. For a complete bipartite graph K, ,,p < q,vs (Kpq) = p + 4.
Proof. Let V; and V; be the partite sets with Vi={v,; |1 < j < p},Vo={v,;
|11 <) < q}

Let f be a signed product dominating function with minimum weight.

Then f [N [vi]] = £ (v))+ FIV/Vil= 1i = 1,1 <j < p,

i =21<j<qand
nf(N[vi,j]) = nui,jEN[vi,j]f(ui'j) = f (vy;) X nf v/ vil= 1,

i=121<j<p<q.

Thus, iff (vi'j) = _1, then Hf [V/ Vl] = —1.
Also, if f (v;;) = 1,then[[f [V/ V] = 1.
LetA = {v e VK, )If W) = 1}, B = {v € VK, )If (v) = —1}

Claim: Either v; € B orv;; ¢ B for all v;; € V;.
Suppose V; is not contained in B.
Then there is a vertex v; ; € V;such that f (v, ;) = 1
Thus[If[V/Vi]=1
Assume that v; ; € B for some v; ; € V;, then f (v;;) = —1.
[ [flveh = Fap < | [rviva=—1,
This implies f is not a signed product dominating function.
Hence v;; € B for allv;; €V;
Claim: B = 0
Suppose B # @, then there is a vertex vi; € B. Then by claim 1, V; < B for at least
onei,i = 1,2. Thus for Vkj € Vi, kK # L,k = 1,2,
f N i) = f ) + FIV/V] < 1,since f[V/V,] = f[V] < 0.
This implies f is not a signed product dominating function, which is a contradiction.

Thus B = 0.
Hence  ys (Kpq) =w(f) =|4l— Bl = p + q.
Theorem 2.9. For a complete tripartite graphkKy, ,, »., the signed product domination
number is Yo« (Kn,n,m, ) = Mg + Ny + na.
Proof. Let G = Knp nyn,

V() = {v|l1l =j =<n}i =123
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Also let f be a signed product dominating function with w(f) = y(G).
Thenforl < i < 3,1 <j <ny
f WNglvi;D = f ) + fIV/ViI[ =1
and
[1f (Ne[vis]) = f i) <1 f [V/Vi] = 1.
Claim 1: Either V; € B orv;; € B forall v; ; € V;.
Suppose V; is not contained in B.
Then there is a vertex v; ; € V; such that £ (v;;) = 1
Thus [1f [V/ V;] = 1,since [1f (Ng[vi;]) = 1.
If there is another element v;;,, € B forsome v;;, € V;, then f (v;;) = —1
Thisimplies [Tf(N[vi;]) = F (i) < [IF [V/Vi] = — 1,
This implies f is not a signed product dominating function.
Thusv;; ¢ B for allv;; ¢V,.
Claim 2:
IfV; € B, thereexistak,k = 1,2,3andi # k such thatV, < B.
Let V; € B,

Thenbyclaim1 f (v;;) = —1forall v;; € V;. Since [1f (N¢g[vi;]) = 1,
[fv/vil=-1

Then there exists at least one vertex v, ; € Vj suchthat f (v, ;) = —1.
Again, by claim 1 f (v, ;) = —1forallvy,; € V.

Hence V, € B.

Claim3: B = ¢

Suppose B # @, then there is a vertex v;; € B. Then by claim land 2, V; < B for
at least two i's,i = 1,2.

Consider the partite set k for which ;. not contained in B.

Thus forv,; € Vi, k # i,k = 1,2,3

f (N [vie;D = f ) + fIV/Vi]l < 1,since f[V/Vi] = f[Vi] < O.

This implies f is not a signed product dominating function, which is a contradiction.
Thus B = 0.
Hence ys(Knnym, ) = N1 + Ny + na.

Theorem 2.10. For a path P,y (st)*(P) = 1.
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Proof. Let f : V (B,) — {—1,1} be a signed total product dominating function. Then
f (W) = +1Vv € V (B,) otherwise [[yenw) f(w) = —1forsome v € V (B,).
Hence y (st (F) = n.

Theorem 2.11. For a cycle Cn, y(s)*(Cy) = n.

Proof. Let f: V(C,,) — {—1,1}be asigned total product dominating function.
Then f (v) = +1Vv € V (C;,) otherwise [[yew) f(u) = —1for some v €V (C,),
since every vertex of C,, has degree 2.

Hence y (s (Cn) = n.

Theorem 2.12. For a complete graph G of order n, y (- (G) = n.

Proof. Let f: V (G) — {—1,1} be a signed total product dominating function
withw(f ) = v+ (G).Then

Yven f(¥) =1 and [Jyen) f(v) = 1.

LetA= {v e V(O|f w) = 1},B = {v e V(OI|f (v) = —1}
Claim: B = 0

Suppose B # @

Then there exist at least one v € V (G) such that f (v) = —1.

Since [[yena) f(v) = 1, for all u € V (G) there must be another vertex u €

V (G), suchthat f (u) = —1.

Then [[yen@) f(v) = —1. where u € B, which is a contradiction. Thus

B = @.

ThisimpliesV (G) < A.

Hence y - (G) = n.

Theorem 2.13. Let K,, , ,p < q be a complete bipartite graph with p even andg— 1

even, then

(3 if qis odd and qT_l even
4if qis even and %— 1 even
5if q is odd and *== odd

\ 6if q is even and g—lodd

Vst (Kpg) =

Proof. Let P be a partite set with p vertices and Q be a partite set with g vertices. Let
f:(V(Kpq)) — {—1,1} be asigned total product dominating function with minimum
weight.

AndA = {v € V (K,,)|f (v) = 1}and
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B={weVElf v) = -1}

Alsolet Pt = (v e V(P)|f W) =1}, P~ ={v € V (P)|f (v) = —1}
QT = eV@If W) =1}and Q" ={v eV (QIf (v) = —1}.

Now | P~| < %— 1, since p is even.

Also, since g — 1 is even [Tyenq f(v) = 1foru € Q.

Hence | P~ | =§—1and | P*| =§+1.

Case 1: q is odd and q%l even.

Since gisodd| Q7| < qT_l.

Also, since qT_l is even [[yenw) f(w) = 1forv € P.

Now |B| = |[P7|+ [Q|
p q—1 p+q-3
=——1 =
2 + 2 2

+q-3 +q+3
|A|=p+q—[p;’ ]=p ==

Yoo (Kpg) = w(f) = 14l + |B| = 3.
Case 2: q is even and %— 1 even.
Since giseven| Q7| < %_ 1.

Also, since - — 1 is even [Tyenw) f(w) = 1for v € P.

Now |B] = |P7| + |Q7|
P q p+q—4
2 1+2 1= 2

Al =p +q —

p+q—41 pt+tqt+4
[ 2 ]_ 2

Yo (Kpq) = w(f) = |A| + |B| = 4.

Case 3: q is odd and qT_l odd.

Since g isodd| Q7| < qT_l.

Also, since "7‘1 is 0dd [Tyenw) f(w) = —1if | Q| = "7‘1 forv € P.
Thus | Q—| = ‘%1—1
Now |Bl = [P7|+ |Q|

D q—1 _ p+q-—5

) 1+ 2 1= 2
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+q—5 +q+5
|A|=p+q—[p‘27 ]=p =

Y(st)*(Kp,q) =w(f) = |A| + |B| = 5.
Case 4: q is even and %— 1 odd.

Since g iseven| Q7| < %— 1.

Also, since g— 1is 0dd [Tuenew) f(W) = —1if | Q7| = g— 1 forv e P.
Thus | Q~| = %—2
Now 1Bl = |P7|+ |Q7|

P q p+q—6

) 1+2 2= 2

Y(st)*(Kp,q) =w(f) = |A| + |B| = 6.
Hence
(3if q is odd and qT_l even

4if qis even and %— 1 even

']/ *K’ =< _
o (Kna) 5 if q is odd and 2> odd

L 6 if q is even and %— 1 odd
3. Conclusion
In this paper, we investigated the signed product domination number y . (G) and

the signed total product domination number y s+ (G) for various standard graph classes,

including paths, cycles, complete graphs, bipartite graphs, and multipartite graphs. The

findings contribute to the broader field of domination in graph theory by extending

traditional domination concepts to signed and product-based variations. These results can

serve as a foundation for future research into more complex graph structures.
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